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1. INTRODUCTION

An Orlicz function is a function M : [0, o) [0, o) which is continuous, non-decreasing, and convex with M(0) = 0, M(x) > 0 for x
>0, and M(x) > as x 0. If the convexity of the Orlicz function M is replaced by M (x + y) < M(x) + M(y), then this function is
called a modulus function, defined and discussed by Ruckle [5] and Maddox [4].

An Orlicz function M is said to satisfy the A2 -condition for all values of u if there exists a constant K > 0 such that M(2u) < KM(u)

(u>0). The A2 -condition is equivalent to M(f u) <K. ¢ M(u), for all values of u and for t 1. (}Lk) and (l”l k) is a sequence of
nonzero complex numbers.
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X
[T ad
An Orlicz function M can always be represented in the following integral form: M(x) = 0 , where q, known as the
kernel of M, is right-differentiable for t >0,  q(0) =0, q(t) > 0 for t > 0, q is non-decreasing, and q(t) ~ o as t —”o0. Lindenstrauss
and Tzafriri [3] used the idea of an Orlicz function to construct the Orlicz sequence space

o0
XEW: ZM(M] < oo, for some p > 0

IM k=1 P , (L)
where w = {all complex sequences}.
The space ™M with the norm
& McXk
p>0: Z M| /= <1
(B[ k=1 L P (12)

becomes a Banach space which is called an Orlicz sequence space.

2. Complex sequence

1/k
A x
A complex sequence whose k™ term is x will be denoted by (xi) or x. A sequence x = (Xx) is said to be analytic if | k k| < o0,
limk—)OOP‘kxk'l/k
The vector space of all analytic sequences will be denoted by /\. A sequence x is called an entire sequence if =
0. The vector space of all entire sequences will be denoted by I
1/k
il Pkl
Definition 2.1 : The space consisting of all sequences x in w such that — 0 ask oo for some arbitrarily fixed
1/k
il P
L p
P >0 is denoted by M | with M being a modulus function. In other words, is a null sequence. The space
M s a metric space with the metric
1/k
McXK —
supM [Mexk — Rk k|
{k} P
dx,y)= ... (2.1
for all x = {xx) and y = (yx) in FM .
n
Given a sequence x = (xi) whose n™ section is the sequence xX™ = {xi, Xz, ..., Xn, 0, 0, ...}, 8( )= ©,0,..,1,0,0,..), with 1 in

the n place and zeros elsewhere; let O - {all finite sequences}.

n
An FK-space (or a metric space) X is said to have AK property if ( 6( ) ) is a Schauder basis for X. Or equivalently x® —x.

The space is said to have or be an AD space if D is dense in X.
We note that AK implies AD by [1].
If X is a sequence space, we give the following definitions:
(1) X' the continuous dual of X;

0
agAkXx
X% {a = (av): Zk:ﬂ k7K k| < oo, foreach x € X};

(ii)
0
A
XB = {a= (a): Zk:l AMeXk

is convergent, for each x € X};

(iif)
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n
D o1 kMK

(iv) XY - {a = (ax): sup() < oo, for each x € X};
. n o
) let X be an FK-space = @, then X/ = {f( 8( ) ):fE€X). X* XB, and XY are called the & — (or Kothe-Toeplitz)
dual of X, B_ (or generalized-Kothe-Toeplitz) dual of X, and Y _dual of X, respectively.

Note that X% < XB c XY.IfX C Y, then YH < X“,for Hoa B,ory.

Lemma 2.2: (see [6, Theorem 7.2.7]). Let X be an FK-space — ®  Then
o X' cxs
(ii) if X has AK, xP_ X/
(iiiy  if X has AD, xP_x7
We note that re . FB S N

v |}\‘ka|1/1(

T P ¥
Proposition 2.3 : I'c M | with the hypothesis that < .

Proof: Let X € I'. Then we have the following implications:

I/k

P s g e . 2)

I/k

M |7kak|/
) |7\‘ka|1/1(
But < , by our assumption, implies that
I/k
AX
il Pl
P
0 ask ™ (by (2.2))
=yelM .. (23)

= C I'm .
This completes the proof.

Proposition 2.4: FM has AK, where M is a modulus function.

I/k
h4|%ka|/
Proof : Let x = {xx} € I'v , but then €I, and hence
I/k
A X
sup M —| k k|
>
k=n+l —0asn 7 (2.4
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Ik
sl
sup M| ————
k>n+1 p
By using (2.4), d(x, x[") = — 0 as n oo, which implies that x™ — x asn — oo, implying that IM pas
AK. This completes the proof.

Proposition 2.5: I'm is solid.

1/k 1/k

X A

il i il Py
p p

Proof: Let |xy| < Iy and let y = (yx) € FM . = , because M is non-decreasing. But
I’k I/k 1/k

f P of Pl of P

P
€I pecause y € I'm . That is, —0ask o and — 0 ask — 0. Therefore

x={xx} € I'v . This completes the proof.

Proposition 2.6: Let M be an Orlicz function which satisfies the A2 -condition. Then I' € I'v .
Proof: Let

x €Tl .. (25)

|7”kxk|1/ k 1/2
<€ for sufficiently large k and every € > 0. But then by taking P> .

1k
il Pl (8
=M

Then

p J (because M is non-decreasing)

SM(@28)
I/k
o Paxid!
P
= < KM (€) (by the A2-condition, for some K > 0) ... (2.6)
€
<& (by defining M (€) < k)
1/k
AKX
il Pl
P
= —0 ask .
Hence, x € I'm .

From (2.5) and since

x € 1ﬂM, .27
we get

rclm ..(28)

This completes the proof.
Proposition 2.7: If M is a modulus function, then FM is a linear set over the set of complex numbers C.

Proof: Letx,y € FM and @, B € C. In order to prove the result, we need to find some P3 such that
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M ok xy +B Mk}’k|1/ k

P3
0 ask o ...(2.9)

Sincex,y € FM,there exist some positive P1 and P2 such that

1/k
I8
il Pl
P1
0 ask o, ... (2.10)
1/k
A
il Py
P2
—0 ask o,

Since M is a non-decreasing modulus function, we have

1/k 1/k 1/k
W RLZERS, +Buk3’k|/ M Ia%kal/ +|Buk>’k|/
P3 - P3 P3
1/k 1k ol/k 1/k
o ™ ey
p p
< 3 3 o (2.11)
1/k 1/k
o 1o Pacxid ™ B ey
B P3 P3
Take P3 such that
1 Fii%
P3 — min [of p1” [B| P2 .. (2.12)
Then
1/k 1/k 1/k
M o h g x +BukYk|/ M IXkaI/ . IukYkI/
P3 B Pl P2
1/k 1/k
M k! M vk
p p
< : 2 .. (2.13)
— 0 (by (2.10))
Hence,
| 144Xk By
P3
—0 ask > © .. (2.14)

So (% x+ B y) € FM . Therefore, FM is linear. This completes the proof.

Definition 2.8: Let p = (px) be any sequence of positive real numbers. Then
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Pk

Ik
—|kak| —>0ask—oo

x={xg}:| M

I;
M@p) = . (2.15)
Suppose that px is a constant for all k, then I'v (p)= I'm .

Proposition 2.9: Let 0 < p < qx and let {qi/px} be bounded. Then FM (q < FM (p)-
Proof: Let
x € IM(q) . (2.16)
1/k \\9k
o Pacxi!
p
0 ask > ®© . (217)

dk

1k
A
i kX;<| -

Lettx = and Yk:(]k . Since px< qx, we have 0 < YkSl.
Take 0 < A < xk. Define

b ()
" 0 (tx<D

{0 (te>1)
we ke (<D .. (2.18)

Ak Mk Ak
t
R k- 4 Yk

Now it follows that
Ak Ak A
\%
o q— Yk <k .. (2.19)
A Ak Ak Ak A
Since tk = Uk + Vk , then tk <ty + Vk.

Y Yk
1/k 9k 1/k 9k
| Pl | Pl

p p

Pk/dk
1/k \Ik 1/k
| e ol Prxid”
< ... (2.20)
Pk qk
MP»kall/k MIukall/k

p p
= <

qdk
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But
l/k qk
A
vl P
P
0 (by(2.17)) .. (221)
A
| P
p
Hence —0ask —” . Hence
x €M () .. (2.22)
From (2.16) and (2.22), we get
™M < M) L @23)

This completes the proof.

Proposition 2.10: (a) Let 0 < inf py < px < 1. Then I'm () < I'v
sup

(b)Let 1 <Py < PK <oo Then IM < IM )

Proof: (a) Letx € Im (),

1/k \\Pk
vl el /
p
—0ask ™ o .. (2.24)
Since 0 <infpx<px <1,
1/k 1/k Pk
A x A x
| el | Mexd
p P
< .. (2.25)
From (2.24) and (2.25) it follows that
xeIM ... (2.26)
Thus,
I'm () < I'm ..(227)
We have thus proven (a).
sup
(b) Let px > 1 for each k and PK <andletx€ FM.
I/k
| P /
—0ask 7 ... (2.28)
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sup
Since 1 <px < Pk < oo, we have
1/k \\Pk 1/k
A AL X
| e | Pl
p p
< ... (2.29)
1/k Pk
A X
vl el
p

— 0 ask — oo (by using (2.28)).
Therefore x € FM (p)- This completes the proof.
Proposition 2.11: Let 0 < px < qx < oo for each k. Then FM (p) - FM (-
Proof: Letx € I'v )

1/k \\Pk
o Prxid”
p
— 0 ask — ... (2.30)
1/k
A x
vl P
p
This implies that <1 for sufficiently large k. Since M is non-decreasing, we get
AX A X
| P vl e
p p
< .. (23D
1/k qk
A X
vl Pexid
p
= — 0 ask — oo (by using (2.30)).

Since x € FM (q), hence FM (p) - FM (q). This completes the proof.

Proposition 2.12: FM (p) is r-convex for all r, where 0 < r < inf px. Moreover, if px=p <1 for all k, then they are p-convex.

Proof: We will prove the theorem for I'm (p). Letx € I'm (p) and r €(0, limp—o0 mfpn ). Then, there exists ko
such that r < py for all k > ko.
Now, define

1k 1/k \Pn
A X — Xl —
MkXk — kY| M MkXk — kY|
p p
200 = .. (232)

inf<p: M

Since r <p <1 for all k > ko, g* is sub-additive. Further, for 0 < | | <1,

Pk r
i S|Y| YV k> k. .. (2.33)
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Therefore, for each A , we have

r
g (T x < i £*(x) L (2.34)
Now, for 0 < 0 <1,
U= {x:g*x) < 6} ... (2.35)
which is an absolutely Y _convex set, for
",
+ El,x’yeU ...(2.36)

Now,

#Tx+ V<V o+ex (¥ y
i idB
<M g*x) + g*(y)

T "r
SM 5,5 (using (2.34) and 2.35)
T "r
s
<1.9 (by using (2.36))

<0

Ifpk=p<1forallk, then for 0 <r<1, U= (x: g¥(x) < 8) is an absolutely p-convex set. This can be obtained by a similar analysis,
and therefore, we omit the details. This completes the proof.

Proposition 2.13: (FM)B =N,
Proof:

Step1: [ C I'v by Proposition 2.3; this implies that (FM)B - FB = A, Therefore,

P _ A .. (2.38)
k|

Step2: Lety € A Then < M for all k and for some constant M > 0.

1/k

I/k
il P il P

B p p
Letx € "M Then — 0 ask — oo. Hence, < ¢ for given ¢ > 0 for sufficiently large k.

I M(I’kakl] !
Take € = 2 M so that p < (2M)k .

M(MJ 1 B} M(M

But then p < ok so that “=k=1 p
M(Ilka-ukYklj .

P converges. Hence, 2l MXichiYi converges so that y € P s

o0

J converges. Therefore, k=1

1Y) ... (2.39)
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Step 3: From (2.38) and (2.39), we obtain

(FM)B =A ... (2.40)
This completes the proof.

1
Proposition 2.14 : (FM) =N forp= &, B, Vs
Proof:

Step 1: FM has AK by Proposition 2.4. Hence, by Lemma 2.2(i), we get (FM)B = (FM)f But (FM)B = . Hence,

(FM)f = A .. (241)

i
Step 2 : Since AK implies AD, hence by Lemma 2.2(iii) we get (FM)B = (FM) . Therefore,
Y
(FM) =A .. (242)

Step 3: FM is normal by Proposition 2.5. Hence, by [2, Proposition 2.7], we get

(v)™ _ (D) _ A . (243)

From (2.41), (2.42), and (2.43), we have
(rm)* — (P — ()Y _ () Z A - .44)

*
Proposition 2.15: The dual space of I'm is A In other words, v - A,

k
Proof: We recall that 0 has 1 in the kth place and zeros elsewhere, with

1/k
M i M@©O)! M(0)!2 MDYk Moyl k+D
ok P L e P P P _
1k
0,0,.., MO~
p

... (2.45)

zoo M X
ko] McXkMkYk

K * *
which is a null sequence. Hence, 8¢ eIMm f(x) = with x € I'm and f € FM, where I'm is the dual

k
space of FM. Takex =0 € FM. Then

|MkYk| <|If|ld (Sk’ 0) < oo Yk ... (2.46)

sk

Thus (yx) is a bounded sequence and hence an analytic sequence. In other words, y € /\. Therefore FM = A This completes the
proof.

Lemma 2.16: [6, Theorem 8.6.1]. Y 2 X < Y/ C X/, where X is an AD-space and Y an FK-space.
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Proposition 2.17: Let Y be any FK-space — D Theny D FM if and only if the sequence is weakly analytic.

Proof: The following implications establish the result: since FM has AD and by Lemma 2.16,
Yy D M & Y/ C (FM)f
= Y C A (Since (FM)f: /\)

)
< for each f€ Y’ the topological dual of Y. f (8 EAN ... (247)

k
= f (8( ) is analytic

k
= 8( ) is weakly analytic,
This completes the proof.
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