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ABSTRACT

Deviating from the traditional framework to prove the existence and uniqueness of a
fixed point and replacing the fixed number in the Banach contraction principle with a
function that has its conditions is one of the most difficult challenges facing studies
concerned with the fixed point, which researchers took on recently. Success in such
studies has a wide applied impact in many areas of mathematics, reflecting positively on
various applied sciences. In this study, we establish new fixed point theorems for
contractive mapping in a complete metric space using some helping functions via Caristi-

type.
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1. INTRODUCTION

Banach contraction principle is a fundamental theorem in fixed-
point theory. Due to the wide range of applications of fixed
point theory, the Banach principle has undergone many
extensions and generalizations, see [*7:%1° The most notable of
these extensions is what Caristi introduced in 1976 in 3 he
employed a helping function to proof the exist and uniqueness.

Du [ has obtained a helping function (semi-lower continuous
function) to support Caristi's fixed-point theorem. The fixed
point theorem by Caristi's type is the subject of numerous
recent publications, among these recent studies are 231, This
paper employs contractive mapping in the Banach metric space
using a new helping function to obtain some new conclusions
along the lines of the Caristi type. This paper is inspired by
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some new work on the extension of the Banach contraction
principle.

Definition 1.1 (1 A semi lower continuous function & at u,, in
a metric space U can be expressed as for each

u,uy € U then lim sup éu < &uy,.

u-ug

Theorem 1.1 22 Let (U, o) be a complete metric space and &
satisfies Definition 1.1. Suppose that ¢ is a Caristi type
mapping on U dominated by &; that is, for each u € U satisfies

o(u,{u) < fu—§(u).. (1.1
Then ¢ has a fixed point in U.
In this study, we derive new fixed-point theorems for
contractive mapping in a complete metric space via the Caristi
type, using new helping functions.
2. MAIN RESULTS.
Theorem 2.1 Let :U — U be a contractive mapping on a
complete metric space(U, g). Suppose there exists a function
n: U — (0, 4+0) such that
nu = a({u,u), (2.1)
For all u € U, satisfies
a(§u, {v) < (qu +1v) — (n§w) +n(¢v)), (22)

Forall u,v € Uandu # v. Then { has a unique fixed point.

Proof. Forall n € N, consider

Upt1 = {un- (23)
Now,
O-(un’ un+1) = 0-((un—1: zun) < (nun—l + nun) - (Mup-1 +
n¢un)) (2.4)
=NUp—1 — NUpnyq-
Using (2.3),
O-(un' un+1) < J((un—liun—l) - 0-((un+1:un+1)
a(unrun+1) + U(un+1v un+2) < a(un—lrun)- (2-5)
And,
G(un' un+2) < U(un—li un)- (26)

From [@, nu is continuous and limited down bounded indeed ¢
is contractive. Then from (2.6) we conclude that wu, is
decreasing to some point in U, so there exists w € U such that
forall u e U,

nw < nu. 2.7)

Since, U is a complete space. So, {u,} is a convergent
sequence. Let u, > w, n - oo, foralln € N. Thenu,, - w,

{un, } € {un}.

Now, we will proof the existence of fixed point of ¢ in U.
clearly, ¢ is continuous, since ¢ is contractive ], then

(( lim unk) = (w, k - . (2.8)

Therefore w is a fixed point of ¢ inU.

To proof the uniqueness of a fixed point suppose there is
another point @ € U such that w # @ and {w = @, for all
w, @ € U.

Therefore,

o(w,@) = 0({w,{®) < (M + n@) — (1(w) + n({®)).(2.9)
= (nw + nw) — (Mo + nw).

Hence, w = @ and there is a unique fixed point of ¢.

Theorem 2.2 In theorem 2.1, if for some t€ N and ¢ is a
contractive. Then ¢ has a unique fixed point.

Proof. Since ¢' is contractive, then ¢ is continuous. So, in a
similar proof of theorem 2.1, ¢* has a unique fixed point.
Suppose that the fixed point is w € U. We need to prove that
w € U is a unique fixed point of ¢. For that, we assume {"w #
w, Vr=12,..,t—1.

Let, forall w #@ €U

er =w (210)
Then,
c({w,w)=0({"w,{"w) =c({({w,{({w). (211)

So, by (2.1),

o((Tw,w) < (M w) + 1™ w)) - M w) +
n(¢ (¢ w)).
= g((r_lw) + 1" w) = n({"w) = n({'w).

By (2.10) and ¢> 1.this implies that ("w=w Vr=
1,2,..,t.—1.

Hence, w is a fixed point of ¢. now, we will prove that w is
a unique fixed point. So, suppose w € U is such that w # w
and ¢{w = w. Therefore,
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a(w,w) = o(lw,{w) < (nw +1w) — (Mw) +n({w)) = 0.

Theorem 2.3 Let{:U — U be a contractive mapping on a

complete metric space U and there exists a function n:U —
(0, o0) such that (2.3) is satisfied. If,
o({™u,{™) < (qu+ ov) — (™) + (™)), (2.12)

Forall w,v €U, u#v,and m,n €N, then { has a unique
fixed point in U.

Proof. Since this theorem's proof is similar to earlier theorems,
it has been omitted.

Example 2.1 Consider {u = u? defined on U = [0,1] and take
nu: (—oo,00) — (0,00) be a lower semi continuous function
defined by

0, us<o0
m={1 W51 (213)

So, forall u,v € U, such that u # v.

We have,
o(qu, v) = o(u?,v?)
= (u+uw) o(u,u).
< o(u,u).

Thus, for ¢ is contractive mapping and by (2.1), (2.3) we get,

o(u,{v) < (qu +nv) — (n(Sw) + n(¢v).
=o({u,u) + a({v,v) — [0({({u,qu) + a({({v,{v)].
=oW? u) + c(w?3,v) — o(u*,u?) — (vt v?).
=o?u) — o(u*,u?) + o(v?v) — o(v*,v?).
=o(u,u?) + a(v, vt). (2.14)

So,

o(Qu, Iv) < o(u, {2u) + (v, (V). (2.15)

We have two cases:

I. If u=wv then (3.5) is satisfied.

Il. If u=wv, then {u = (v which implies that u is the
fixed point of {. Hence, (2.15) is also satisfied.
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