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Abstract

In this chapter, various types of dominating sets and their domination numbers, viz. domination number, total
domination number, 2 - distance domination number, connected domination number and k - domination number of
sequential join of graphs are determined. Moreover, we define another new operation named the alternating sequential
join of two graphs and their domination and total domination numbers.
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Introduction
Sequential join is a graph operation, introduced by Buckley and Harary (1989). With
the help of this operation, i.e. sequential join, many complex and big graphs can be Publication Information:
designed, such as the construction of a communication network. This chapter contains .
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5 sections. Section 7.2 deals with domination number and total domination number of = . Accepted Date: 18-12-2022
the join of any two graphs and the sequential join of any non-trivial connected graphs, = Publication Date: 20-12-2022
respectively. In section 7.3, we derive some more results on domination number and
total domination number of alternating sequential join of two graphs. Further, section
7.4 includes the 2 - distance domination number of the sequential join of any non-
trivial connected graphs. The minimum connected domination number of the
sequential join of graphs and its bound are calculated in Section 7.5. At last, we explore
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Domination Number and Total Domination Number of Sequential Join of Graphs
In this section, we establish some standard results regarding the domination number and total domination number of general
graphs by evaluating their minimum dominating set and minimum total dominating set.
Theorem 7.2.1
Let G; + G,Be the join of two connected graphs G;and G,. Then:
1, ify(G) =1lory(G,) =1,
V(G +G2) = {2, ify(G,) # 1and y(Gy) # 1.

Proof:

Suppose y(G,) = 1. Let S = {v}be a y-set of G;. Then vx € E(G; + G,)for each x € V(G,)By the definition of the join
operation. Hence, STs a dominating set in G; + G,, and y(G; + G,) = 1. Similarly, if y(G,) = 1, then y(G; + G,) = 1.
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Now, suppose y(G;) # land y(G,) # 1. Since every vertex of G;is adjacent to all the vertices of G,in G; + G,, selecting
one vertex from G;and one vertex from G, Yields a minimum dominating set. Therefore, y (G, + G,) = 2.

Corollary 7.2.1
If G, + G,Is the join of two connected graphs, then:
_ (1, if G, or G, is complete,
v+ G) = {2, if G, or G is not complete.

Theorem 7.2.2
Let G; + G,Be the join of two connected graphs Giand G,. Then the total domination number is:
Ye(Gy + Gy) = 2.

Proof:

By definition, y(G) < y,(G). From Theorem 7.2.1, if y(G) = 2The result follows directly. However, if y(G) = 1the
single-vertex dominating set cannot be a total dominating set because it contains an isolated vertex. A total dominating set
(TDS) requires that every vertex in the set be adjacent to another vertex. Hence, y:(G; + G,) = 2.

Theorem 7.2.3
Let G,,,Be any graph in which no vertex is adjacent to all other vertices? Let G = X, G,,, Be the sequential join of ncopies of
G, with m,n = 3. Then the domination number and total domination number of G As follows:

Proof:
LetV ={(,j)1i=12,..,n;j =12,..,m}Be the vertex set of G. According to nWe have three cases:
Casel:n=4k—-2,k>1

D = {(4ky, —3,1), (4ky —2,1) | 1 < ky < k}.es | D |= 2k = 2

n+2J
4

Case2:n =4k — lordk, k>1
D ={(4k, —2,1),(4k; — 1, 1) 1<k, <k}

n+2
Divides|D|=2k=2l 2 J

In Cases 1 and 2, it can be verified that Dis the minimum dominating set of X, (G,,). Obviously, no dominating set or total
dominating set has cardinality smaller than | D |. Therefore:

V(@) =@ =1 D 1= 2|

n+2J
4

Case3:n=4k+1,k>1
D={R1D}IV{(@k, —1,1),(4k;, D 11 <k, <k}

n—1
IDI=2k+1=lTJ+1=n+1

Thus, Dis the minimum dominating set and minimum total dominating set for X,,(G,,), so:
¥(@) =7y:(G) =n+1

Corollary 7.2.2
Let G,,be a path graph B,,, cycle graph C,,, or null graph N,,with m > 3. If ¢ = £,,G,,with n = 3, then:

2[’”2] ifn = 4k — 2,4k — 1,4k
V(G)=yt(6)={ 7N AT
n+1, ifn=dk+1,k>1

Example 7.2.1:
Let G = ZgP5. Then the sequential join of graph Gfollows the above rules for domination and total domination numbers.
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Figure 7.1: Sequential join of =1 Ps
In Figure 7.1, the sets {(2,1)}, {(3,1)}, {(6,1)}, and {(7,1) }are the minimum dominating sets and minimum total
dominating sets of the graph.

Theorem 7.2.4
Let G,,,be any graph in which at least one vertex is adjacent to all other vertices. If G = X, G,,,is the sequential join of
ncopies of G, with m,n > 3, then the domination number of Gis:

o-['2

Proof:
Let
V={GHIli=12,..,n; j=1.2,..,m}

be the vertex set of Z,,G,,, where ndenotes the number of copies and mdenotes the number of vertices in each copy.
According to the value of n, there are two cases:
Casel:n=3k—1lorn=3k,k>1

D={Bk;—12)11<k; <k}

Clearly, there is no dominating set with cardinality smaller than | D |. Thus, Dis the minimum dominating set of X, G,,,
and

y(G) =D |= ["ZLZJ

Case2:n=3k+1,k=>1
D={(3Bk;—12),Bk; +12) |1 < ky; < k}.

Similarly, | D |is minimal, so Dis the minimum dominating set of X, G,,,, and

n+2
y(G)=ID |= [T

Theorem 7.2.5
Let G,,be any graph in which at least one vertex is adjacent to all other vertices. If G = £,,G,,is the sequential join of
ncopies of G, with m,n > 3, then the total domination number of Gis:

zlnHJ ifn = 4k — 2,4k — 1,4k
yt(6)={ 2 |7 T ’ T

n+1, ifn=4k+ 1,k > 1.
Proof:

Let
V={GHIli=12,...,n; j=1,2,..,m}

be the vertex set of Z,,G,,,. According to n, there are three cases:
Casel:n=4k—-2,k>1
D = {(4k, — 3,2),(4k; —2,3) |1 <k, < k}.

Case2:n =4k —lordk, k>1
D ={(4k, — 2,2),(4k; —1,3) |1 < k; < k}.



In Cases 1 and 2, there is no total dominating set with cardinality smaller than | D |, so Dis the minimum total dominating
set of X,,G,,. Hence,

n+2
Ve@aG) =1 D 1= 2.
Case3:n=4k+1,k>1
D = {(22)} U {(4k; — 1,3), (4k1,2) | 1 < k; < k.

Clearly, | D lis minimal, so Dis the minimum total dominating set of X, G,,,, giving
Y:(CnGy) =I D I=n+ 1.

Alternating Sequential Join of Two Graphs
In this section, we establish results related to the domination number of alternating sequential join of two graphs,
considering special classes of graphs such as P,,, Cy,;,, Ny, Kin, Wy, and S,,,. We also derive the minimum total dominating
set of the alternating sequential join of any two general graphs.
Definition:
Let G,and G,be two graphs. The alternating sequential join of Giand G,is the join of a finite alternating sequence of
graphs starting with G;and ending at either G,or G,. Formally:

Gy + G, + Gy + Gy + GyorG, + G, + G, + Gy + G, + Gy

The following figures show the graphical representation of both types of alternating sequential join of two graphs G;and
G,.

Figure 7.3: G + G2 + (1

Theorem 7.3.1

Let G and G,be any two graphs. Then the domination number of the alternating sequential join of ncopies of G;and G,in
total is as follows:

(i) If G4is either P,,, N, or Cpp,, and G,is fixed as K, with m > 3, then

V(Gl + Km + -+ Gl + Km)or)/(Gl + Km + -+ Gl + Km + Gl) :]nk



(ii) If G4is fixed as K,,, and G,is either B, N,,, or C,,,, with m > 3, then
YKy + Gy + -+ Ky, + Gyory (K, + Gy + -+ Ky + G, + K) = L,m

(iii) If G,is either Pyor N,,, and G,is fixed as C,,,, m > 3, then

2, ifn = 4k
V(G1+Cm+”'+61+cm)={n+1 ifn=4k—2keZk>1

and
Y(G1+Cm+"'+G1+Cm+Gl)=n+1

(iv) If G,is either K,,,or W,,,, and G,is fixed as S,,,, m > 3, then
Y( Gy + Sy + -+ G+ Sp)ory (G + S+ + G+ S +Gy) = 1,m

Proof:
Let
V(G,) = {ui,j [i=123,..,n(n=>2),j=123,..,m(m>3)}

and
V(Gy) ={v; 1i=123,.,n(n=3),j=123,..,m (m > 3)}

be the vertex sets of G; + G, + G; + -+ G; + G, and
V(G) ={u; 1i=123,.,n+1(n=2),j=123,..,m(m>3)},
V(G) ={v; 1i=123,.,n(n=3),j =123,..,m(m> 3)}

be the vertex sets of G; + G, + G; + -+ + G; + G, + G;, where ndenotes the number of copies of G;and G,in total, and
mdenotes the number of vertices in each copy.

According to the values of mand n, the minimum dominating sets for all sequential joins of the above graphs are determined
in the following four cases:

Case (i): Consider G as By, N, or Cjpand G,as K,,,, where m > 3. Assume Dis the minimum dominating set of the
alternating sequential join of the graphs:

(i) Consider G, as P,,, N,,, or C,,and G,as K,,,, where m > 3. Let
D={w,(k,2)11<k<j,k}

It is clear that there is no dominating set with cardinality less than | D |in the graph. Thus Dis the minimum dominating
set of the alternating sequential join of G;and K,,,. Hence,
V(Gl + Km + -+ Gl + Km)Or}/(Gl + Km + -+ Gl + Km + Gl) = jnk.

(ii) Consider G as K,,and G,as P,,, N,,,, or C,,, where m > 3. Let
D={u,(k,2)11<k<lm}

Clearly, there is no dominating set with cardinality less than | D [in the graph. Thus Dis the minimum dominating set of
the alternating sequential join of K,,,and G,. Hence,
YK + Gy + ++ + Kpy + Gy)ory (K + Gy + ++ + Ky + Gy + Kp) = Lm.

(iii) Consider G,as P,or N,,and G,as C,,,, where m > 3. Let Dbe the minimum dominating set of the alternating
sequential join graphs. Depending on n, there are two cases:
Case 1: When G, + C,,, + G; + -+ G; + Cpy,
o (Ifn=4k(k=1)
D ={w(k; —1,2),u(2k;, 1) 11 < ky < k}.

o (bIfn=4k—2k>1)
D = {u(k, — 1,1),v(2k; —1,2) | 1 < k, < k).

Then,



(2 ifn =4k
V(Gl+cm+"'+Gl+Cm)‘{n+1, itn =4k —2,k>1
Case 2: When G; + C,,, + G + -+ G + C, + G,

o (alfn=4k—-1k=1)
D = {v(2k; — 1,2),u(ky, 1) 11 < k; < k}.

o (b)Ifn=4k+1(k>1)
D = (v(2k, — 1,2),u(2k,2) | 1 < ky < k} U {u(2k + 1,1)}.

Then,
n+1
y(Gl+Cm+”'+Gl+Cm+Gl)= 2 .

(iv) Consider G,as K,,or W,,and G,as S,,, where m > 3. Let Dbe the minimum dominating set of the alternating
sequential join graphs.
e (Alfn=3k+1k=1)
D={n,Rk-11) 1<k ,m—j,k}U{u,(k,1)|11<k<j,k—j,k}.

e bIfn=3k(k=2)orn=3k+2k=1)
D={w,Bk-21)11<k<l,m}VU{u,3k,1)|I1<k<[,m-3}

Then,
y(Gl +Sm + -+ Gl + Sm)Or)/(Gl + Sm + -+ Gl + Sm + Gl) = lnm.
Theorem 7.3.2
Let Gyand G,be any two graphs. Then the total domination number of the alternating sequential join of the two graphs is:
n+1
VeG4 Gyt 4G+ G =12 ifn=4k, 4k - 14k -2, k=1
4k — 2, ifn=4k+1,k>1

Proof: Let
V(G) ={uli=12,..,.n(n=2),j=12,..,m((m>3)}
V(G) ={vjli=12,..,.n(n=3),j=12,..,m(m>3)}.

Assume Dis the minimum total dominating set of the alternating sequential join graphs. Then:
e Casel: Whenn =4k, 4k — 1, or 4k — 2
D={v,2k; —1,2) 11 <k; <k}JU{u,(ky + 1,1 11 < k; < k}.

e Case2: Whenn=4k+1
D={w12)}U{v,(2k;,2) 11 < ky < k}U{u,(2k;, 1) 11 <k <k}

It is clear that no total dominating set exists with cardinality less than | D |. Thus Dis the minimum total dominating set of
the alternating sequential join of Gand G,.

Example 7.3.1
Let the graph ¢ = K, + S, + K, + S,. Then the alternating sequential join of graphs K,and S,is



Figure 7.4: Alternating sequential join of Ky + 53 + Ky + Sy

In Figure 7.4, the sets {v(1,1)}and {u(2,1)}are the minimum dominating sets, and {v(1,2)}and {u(2,1)}are the
minimum total dominating sets.

7.4 2-Distance Domination Number of Sequential Join of Graphs
For any non-trivial connected graph, the 2-distance domination number along with its minimum 2-distance
dominating set of sequential join graphs are deduced in this section.

Theorem 7.4.1

Let Gbe a non-trivial connected graph of order n. Then the 2-domination number of the graph Z,,Gis:
Y<2(G) = [n].

Proof:

Let

V={G)1i=123..n(n=1),j=123,..,m(n=2)}

be the vertex set of Z,,G,,, where ndenotes the number of copies and mdenotes the number of vertices in each copy.
Casel:Ifn =5k —4,5k—3,0or5k— 2,k > 1, let
D={(4k,—-21)11<k; <k}

Clearly, there is no 2-distance dominating set with cardinality less than | D |. Thus Dis the minimum 2-distance
dominating set of X,,(G). Hence,
Y<2[Zn(G)] =1 D |= [n].

Case2:Ifn =5k —lor 5k, k > 1, let
D={05k—-21)11<k <k}

Clearly, there is no 2-distance dominating set with cardinality less than | D |. Thus Dis the minimum 2-distance
dominating set of X,,(G). Hence,
Y<2[2(G)] =1 D |= [n].

7.5 Connected Domination Number of Sequential Join of Graphs
In this section, we determine the minimum connected domination number along with the corresponding minimum
connected dominating set of sequential joins of special classes of graphs.
Further, for non-trivial connected graphs, the upper and lower bounds with respect to y(G), y:(G), and y.(G)are
proposed. Some observations on minimum k-domination numbers of sequential joins of path graphs, along with their
bounds, are also presented.
Theorem 7.5.1
If G = X, G,,, where G,,is either P,or N,and m,n = 4, then the connected domination number of Gis

Ye(G) =n— 2.

Proof:
Let
V={G)Nli=123,..,n(n>3),j=123,..,m(m > 3)}.

Assume



D={R21,(k+21)I1<k<n-3}

Clearly, no connected dominating set has cardinality less than | D |. Thus Dis the minimum connected dominating set of
2,(G). Hence,
Ye[Zn(G)] =I D I=n — 2.

Theorem 7.5.2
If G =X,C,, where m > 3and n > 3, then

Ye(G) =n—1.
Proof:
Let
V={GNIi=123,..,n(n>3),j=123,..,m(m > 3)}.
Assume

D={12),(k+12)11<k<n-2}

Clearly, no connected dominating set has cardinality less than | D |. Thus Dis the minimum connected dominating set of
2,(G). Hence,
YelZn(@)] =IDI=n—-1

Theorem 7.5.3
If G = X,,G,,,, where G,,is either K,,,, W,,, or N,, m > 3, and n = 3, then

Y:.(G) =n—2.
Proof:
Let
V={GNli=123,..,n(n>3),j=123,..,m(m > 3)}.
Assume

D={(k+12)11<k<n-2}

Clearly, no connected dominating set has cardinality less than | D |. Thus Dis the minimum connected dominating set of
2,(G). Hence,
VelZ(@)] =I D 1=n—2.

Observation 7.5.4
If G = X,G,,, then
1<y(G) =v(G)<y.(G) <n—-1

Observation 7.5.5
Let G = X,,B,,, withm = kand n = 5, k, m = 2. Then the minimum k-domination number of Gis
¥ (G) = min (nm, k(n — 2)).

Observation 7.5.6
IfG =%,P,, withm < kand n = 2, m > 2, then the sharp bound of the minimum k-domination number of Gis
m+n—1<y,(E.By) <n(k—2).
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